The steady laminar three-dimensional magnetohydrodynamic (MHD) boundary layer flow and heat transfer over a stretching sheet is investigated. The sheet is linearly stretched in two lateral directions. Heat transfer analysis is performed by utilizing a nonlinear radiative heat flux in Rosseland approximation for thermal radiation. Two different wall conditions, namely (i) constant wall temperature and (ii) prescribed surface temperature are considered. The developed nonlinear boundary value problems (BVPs) are solved numerically through fifth-order Runge-Kutta method using a shooting technique. To ascertain the accuracy of results the solutions are also computed by using built in function bvp4c of MATLAB. The behaviours of interesting parameters are carefully analyzed through graphs for velocity and temperature distributions. The dimensionless expressions of wall shear stress and heat transfer rate at the sheet are evaluated and discussed. It is seen that a point of inflection of the temperature function exists for sufficiently large values of wall to ambient temperature ratio. The solutions are in excellent agreement with the previous studies in a limiting sense. To our knowledge, the novel idea of nonlinear thermal radiation in three-dimensional flow is just introduced here.
Introduction
The study of boundary layer flow and heat transfer due to a stretching sheet has an important bearing in various industrial and technological applications. A number of technical processes concerning polymers involve the cooling of continuous strips or filaments by drawing them through a quiescent fluid. The thin polymer sheet constitutes a continuously moving surface with a non-uniform velocity through an ambient fluid. In these cases the quality of final product largely depends on the rate of cooling which is governed by the structure of the thermal boundary layer near the moving plate/sheet. The boundary layer flow over a stationary flat plate with a uniform free stream was considered by Blasius [1] . In contrast to the Blasius problem, Sakiadis [2] studied the boundary layer flow over a continuously moving flat plate in a quiescent ambient fluid. Crane [3] was probably the first to explore the flow due to a stretching surface in an otherwise ambient fluid. Crane's idea has been extended for several other features such as viscoelasticity, magnetic field, arbitrary stretching velocity, variable wall temperature or heat flux (Gupta and Gupta [4] , Chakrabarti and Gupta [5] , Grubka and Bobba [6] , Banks [7] , Chen and Char [8] , Ali [9] , Pop and Na [10] , Magyari and Keller [11] , Liao and Pop [12] , Kumari and Nath [13] , Hayat et al. [14 -16] , Mustafa et al. [17, 18] Ferdows et al. [19] , Beg et al. [20] , Khan et al. [21] , etc.). A literature survey reveals that extensive research is conducted on the steady/unsteady two-dimensional boundary layer flows over a sheet.
However the three-dimensional flows due to a bidirectional stretching sheet have been scarcely reported. Wang [22] was perhaps the first to explore Crane's problem for bi-directional flow. Lakshmisha et al. [23] discussed the unsteady three-dimensional boundary layer flow over a stretching sheet. Homotopy based analytic solutions for magnetohydrodynamic (MHD) three-dimensional flow were provided by Xu et al. [24] . In another paper, Sajid et al. [25] computed homotopy solutions for three-dimensional viscoelastic flow over a stretching sheet. Liu and Andersson [26] investigated the heat transfer over a bi-directional stretching sheet with variable thermal conditions. The combined effects of heat and mass transfer in the three-dimensional flow through a porous space have been investigated by Hayat et al. [27] . The analytic solutions for three-dimensional flows of non-Newtonian fluids over a stretching sheet have been reported by Hayat et al. [28, 29] . Liu et al. [30] reported the flow and heat transfer for threedimensional flow over an exponentially stretching surface.
The study of radiative heat transfer flow has significant importance in manufacturing industries for the design of reliable equipment, nuclear plants, gas turbines, and various propulsion devices for aircraft, missiles, satellites, and space vehicles. Raptis and Perdikis [31] investigated the flow of a viscoelastic fluid over a porous plate with thermal radiation. Seddeek [32] and Raptis et al. [33] examined the thermal radiation effect on the boundary layer flow of an electrically conducting viscous fluid. Thermal radiation effects on the flow over a flat plate with the uniform free stream are discussed by Bataller [34] . Mixed convection flow past a vertical plate with thermal radiation was investigated by Ishak [35] . He obtained the numerical solutions for some negative values of buoyancy parameter. Bhattacharyya [36] studied the effect of thermal radiation on the MHD boundary layer flow over a time-dependent shrinking sheet with internal heat generation. Radiative heat transfer in the boundary layer flow of a nanofluid was explored by Nadeem and Haq [37] . Thermal radiation and viscous dissipation effects on the unsteady boundary layer flow of a nanofluid over a stretching sheet were presented by Khan et al. [38] . In another paper Motsumi and Makinde [39] considered the similar effects on the nanofluid flow due to a continuously moving permeable flat surface. Similarly Khan et al. [40 -42] also examined radiative heat transfer effects for different problems.
Recently the idea of nonlinear radiation heat transfer is introduced by the researchers to overcome both small and large temperature differences within the boundary layer (see Pantokratoras and Fang [43] , Mushtaq et al. [44] , Cortell [45] , and Mushtaq et al. [46] ). The present paper ventures further in this regime. We have explored the effects of thermal radiation in the three-dimensional flow past a stretching sheet when the temperature function in the Rosseland approximation is not further expanded about the ambient temperature. The highly nonlinear differential systems are solved numerically by shooting method with fifth-order Runge-Kutta integration technique. The solutions are also computed by using the built in function bvp4c of MATLAB. Graphical and numerical results are presented for the velocity, temperature, skin friction coefficients, and the local Nusselt number which give interesting insights on the problem under consideration.
Problem Formulation
We consider the steady three-dimensional flow of an incompressible viscous fluid over a stretching sheet situated at z = 0. Heat transfer analysis in the presence of thermal radiation is considered. Let U w = ax and V w = by be the velocities of the stretching sheet in the x-and y-directions, respectively, where a, b are positive constants (see Fig. 1 ). A uniform transverse magnetic field of strength B 0 is applied in z-direction. The induced magnetic field is neglected under the assumption of small magnetic Reynolds' numbers. The boundary layer equations governing the steady three- dimensional flow are (see Sajid et al. [25] and Liu and Andersson [26] )
where ν is the kinematic viscosity, u, v, and w are the velocity components in the x-, y-, and z-directions, respectively.
The boundary conditions in the present problem are
Using the dimensionless variables (see Wang [22] )
then (1) is identically satisfied, and (2) - (4) take the following forms:
where M = (σ B 2 0 )/ρa is the magnetic parameter, and c = b/a is the velocity ratio. The quantities of practical interest, the local skin friction coefficient along x-and y-directions, are defined as
Using the dimensionless variables (5), we obtain
where Re x = (U w x)/ν and Re y = (V w y)/ν are the local Reynolds number in the x-and y-directions, respectively.
Heat Transfer Analysis
Under usual boundary layer assumptions, the energy equation in the presence of thermal radiation effects is given by
where T is the temperature, α is the thermal diffusivity, C p is the specific heat at constant pressure, and q r is the radiative heat flux. Using the Rosseland approximation for thermal radiation, the radiative heat flux is simplified as
where σ * and k * are the Stefan-Boltzman constant and the mean absorption coefficient, respectively. Now (13) can be expressed as
It is important to note that in the previous studies on radiative heat transfer (see [31 -42] and various references therein), T 4 in (14) was linearized through Taylor's series expansion about T ∞ . However, we do not consider such approximation in the subsequent section to get more meaningful and practically useful results. Two kinds of thermal boundary conditions at the wall are considered and are treated separately in the following sections.
Constant Wall Temperature (CWT)
The boundary conditions in this case are
with T w > T ∞ and T w , T ∞ are the sheet's temperature and the ambient fluid's temperature, respectively. Defining the non-dimensional temperature θ (η) =
(temperature parameter), the first term on the right hand side of (14) can be written as α
denotes the radiation parameter, and R d = 0 provides no thermal radiation effect. The last expression can be further simplified to
where Pr = ν α is the Prandtl number. Equation (15) becomes
with the boundary conditions
The heat transfer rate at the sheet is defined as
and with the help of the local Nusselt number
Prescribed Surface Temperature (PST)
The boundary conditions in this case are (see Liu and Andersson [26] )
where A > 0 is a constant and the power indices r and s determine how the temperature at the sheet varies in the xy-plane. Now (15) (with linearized Rosseland approximation) reduces to
with the following boundary conditions:
Here the surface heat flux becomes
and using the definition of Nusselt number, one obtains
Numerical Method
The dimensionless momentum equations (6) -(7) and the energy (18) and (23) with the relevant boundary conditions have been solved numerically by shooting method using fourth-order Runge-Kutta integration technique. For this purpose, we transform the original differential equations into a system of several firstorder ordinary differential equations (ODEs), that is,
with boundary conditions
CWT case:
PST case:
Furthermore, because Runge-Kutta is an initial value solver whereas in current problem one of the boundary condition is given at infinity, suitable values of f (0), g (0), and θ (0) are chosen and then numerical integration is carried out. We compare the calculated values for f , g , and θ at η = 10 (say) with the given boundary condition f (10) = 0, g (10) = 0, and θ (10) = 0 and adjust the estimated values f (0), g (0), and θ (0) to get a better approximation for the solution. Different values of η (such as η = 10, 11, 12, 13 etc.) are taken in our numerical computations so that numerical values are independent of η chosen. For the validation of the numerical method, the solutions are also obtained via the built in boundary value problem solver bvp4c of the software MATLAB.
The influence of embedding parameters on the velocity and temperature functions is described through graphical and numerical results. the axisymmetric flow due to a stretching sheet. The magnetic parameter M has a significant impact on the solutions. The presence of a magnetic field restricts the fluid motion and as a consequence the velocity decreases. With a gradual increase in M, the Lorentz force associated with the magnetic field increases and it produces more resistance to the transport phenomena. Irrespective of the value of magnetic parameter M, the velocity field f and the boundary layer thickness are decreasing functions of the velocity ratio c. Figure 4 indicates that shear stress in both x-and ydirections increase with an increase in velocity ratio c. As a result the entrainment velocity f (∞) + g (∞) is also an increasing function of c.
Figures 5 and 6 display the behaviour of radiation parameter R d on the temperature θ in both CWT and PST cases, respectively. The results are shown for different values of c. It is observed that the temperature θ decreases with an increase in c in both cases of CWT and PST. In contrast to the linearized Rosseland approximation considered in previous studies [31 -42] , the radiation parameter in the present study has a significant role on the thermal boundary layer as can be seen from Figure 5 . As expected the temperature and the thermal boundary layer thickness are increasing functions of R d . Further the heat transfer rate at the sheet drastically decreases with an increase in R d as the profiles become less steeper near the sheet as the radiation parameter increases. The Prandtl number is defined as the ratio of momentum diffusivity to the thermal diffusivity. It can be used to increase the rate of cooling in conducting flows. Temperature profiles for Figure 7 indicates that the temperature θ and the thermal boundary layer thickness decrease with an increase in Pr. This is due to the fact that larger Prandtl number has a relatively lower thermal diffusivity which decreases conduction and thereby increases variation in the thermal characteristics. As expected the thermal penetration is limited for the fluids with larger Prandtl number when compared with the small Prandtl number fluids. In this work, the variation in the tem- perature θ with an increase in Pr is larger than that of previously reported works with the linearized Rosseland approximation.
Figures 9 and 10 compare the results of linear and nonlinear radiation for different values of R d when θ w = 1.1 and θ w = 3, respectively. It is seen that linear and nonlinear results match each other better at θ w = 1.1 when compared with θ w = 3. The profiles show a significant deviation as the radiation parameter is gradually increased. Thus it can be concluded that linear and nonlinear radiation results match up smoothly when θ w is close to one (say θ w = 1.1) and R d is sufficiently small (say R d < 0.5). Figure 11 plots the wall temperature gradient versus θ w for different values of radiation parameter R d . When θ w ≈ 1, θ tends to a constant value for sufficiently smaller values of R d ≈ 0.01 which is in accordance with Cortell [45] . Table 1 shows the comparison of present solutions for f (0) and g (0) with those reported by Wang [22] and Liu and Andersson [26] whereas Table 2 presents a comparison of values θ (0) for the PST case with results reported by Liu and Andersson [26] for various values of dimensionless power indices r and s. The present results are found in excellent agreement with those provided in [22] and [26] . We have also noticed that |θ (0)| increases with an increase in the values of indices r and s. This observation leads to the conclusion that the heat transfer rate at the sheet can be increased Table 1 . Numerical values of f (0) and g (0) with the previous studies for M = 0. Table 2 . Comparison of the heat transfer rate at the sheet θ (0) with previous studies for the PST case when
by increasing the variation of wall temperature along the x-and y-directions. The numerical values of local Nusselt number |θ (0)| for CWT and PST cases are given for various parametric values in Table 3 . It is noticeable that the wall temperature gradient approaches the zero value as θ w is increased indicating the existence of a point of inflection for the temperature distribution. This outcome is consistent with the findings obtained for two-dimensional flow [43] . Irrespective of magnetic parameter M, we observe a significant increase in the local Nusselt number as the thermal radiation effect intensifies. We noticed earlier in the graphical results that temperature profiles become increasingly steeper as Pr increases. As a result the Nusselt number, being pro- Table 3 . Heat transfer rate at the sheet θ (0) for both CWT and PST cases when c = 0.5, r = 2 = s. portional to the initial slope, increases with an increase in Pr in both CWT and PST case.
Concluding Remarks
MHD three-dimensional flow and heat transfer due to a bi-directional stretching sheet is investigated in presence of thermal radiation. For the heat transfer analysis two different heating processes, namely the constant wall temperature (CWT) and the prescribed surface temperature (PST), are taken into account. In this work the temperature function in the radiation term of energy equation (for the CWT case) is not further expanded about the ambient temperature. This results in a highly nonlinear but interesting energy equation which is governed by an additional temperature ratio parameter θ w . The developed differential system is solved numerically through the shooting method with fifth-order Runge-Kutta integration technique. The key points of the present work may be summarized as follows:
(i) It is observed that the radiation parameter has a strong effect on the thermal boundary layer for any considered value of Prandtl number. The temperature θ and the thermal boundary layer thickness increase when the thermal radiation effect strengthens. (ii) The temperature and the thermal boundary layer thickness are decreasing functions of Pr. This decrease accompanies with the larger rate of heat transfer at the bounding surface. (iii) In the PST case, the dimensionless wall temperature gradient |θ (0)| increases with an increase in dimensionless indices r and s. In other words, the heat transfer rate at the sheet can be increased by increasing the variation of wall temperature along the x-and y-directions. (iv) The numerical results of |θ (0)| are compared with those of Liu and Andersson [26] in the ab-sence of thermal radiation effects and found in an excellent agreement. (v) The current analysis for two-dimensional and axisymmetric flows can be obtained as special cases of the present study. To the best of our knowledge, this is the fundamental study of the application of nonlinear Rosseland approximation for thermal radiation in the three-dimensional boundary layer flow.
